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Abstract. We analyze an elliptic equation arising in the study of the gauged 0(3) sigma 
model with the Chern-Simons term. In this paper, we study the asymptotic behavior of 
solutions and apply it to prove the uniqueness of stable solutions. However, one of the 
features of this nonlinear equation is the existence of stable nontopological solutions in 
. , which implies the possibility that a stable solution which blows up at a vortex point 

_ exists. To exclude this kind of blow up behavior is one of the main difficulties which we 

, have to overcome. 
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1. Introduction 



In a recent paper [19], G. Tarantello has considered the following Chern-Simons-Higgs 
(CSH) model: 

^. ■ An + — e"(l -e") = 47r Vmj-5p^. on f], (1.1) 



where is a fiat 2-torus, pj are distinct points of Q, and 6p stands for the Dirac measure 
concentrated at p. Each pj for 1 < j < d is said to be a vortex point. Among other 
things, the following theorem was proved in [TU] . 



Theorem A. For given {pj} and rrij G N, there exists Eq = eo{pj,mj) > such that 
if e E (0,£:o)) then there exists a unique topological solution for U.l\) . i.e. a unique 
CN , solution which satisfies — )■ a.e. in Q as e —> 0. 

! The CSH model has been proposed more than twenty years ago in [13] and indepen- 

^ I dently in [H] to describe vortices in high temperature superconductivity. Actually, (11. ip 
was derived from the Euler-Lagrange equations of the CSH model via a vortex ansatz, 
see [131 El ISni |2T]. We also refer to [3 El [151 ESI [H] ior more recent developments. 



Here we are concerned with another nonlinear equation arising in the study of the 



gauged 0(3) sigma model with the Chern-Simons term: 

+ ^ (t + e")3 = 5^ - 4vr 2^ rnj,2Sp^, on Q, (1.2) 

j=i j=i 

where r G (0, oo) is a real parameter. We assume that rnj^i > for all 1 < j < di and 
z = 1,2. Let 

Z = {pji EQ\l<j<di and i = 1,2} 
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be the set of vortex points in Q. We define Zi = {pj i G | 1 < j < } and 
Ni = Ylf=i^j,i i = 1,2. We also adopt the notations fr{u) = '^(^^^'nyj and f!r{u) = 

^ ^'^~'^(j^e^)4, ^ ■ For fhe physical background of this model and other recent studies, we 
refer to [2 HI [6], |9] and the references quoted therein. 

One of the natural questions is whether Theorem A also holds for (11 ■2p . In [19] , Taran- 
tello proved that if is a topological solution, then is strictly stable solution. The 
uniqueness of the topological solutions was estabhshed as a consequence of this fact. In 
this paper, we study the uniqueness of stable solutions instead of topological solutions, 
because the definition of a topological solution depends on a sequence of solutions, not 
only the solution itself. Here u is called a stable solution of (11. 2p if the linearized equation 
of (II. 2p at u has nonnegative eigenvalues. In this paper, we prove the equivalence of 
stable solutions and topological solutions under certain assumptions. To state our result, 
we need the following conditions: 
(HI): iVi ^iVs; 

(H2): either r = 1 or, if A''^ > iV^, then rrij^i G [0, 1] for all 1 < j < di. 
Then we have the following theorem. 

Theorem 1.1. Let he a sequence of solutions of M.2\) with e > 0. 

(i) if ^ a.e. in Q\Z as e — )■ 0, then is a strictly stable solution for sufficiently 

small e > 0. 

(a) if (HI- 2) hold and is a sequence of stable solutions, then a.e. in Q \ Z as 
e -> 0. 

Remark 1.2. A nontopological entire solution of the CSH equation U.l\} is always un- 
stable (see Appendix). Hence for a sequence of stable solutions Ue of the CSH equation 
( (i.ij) . we can prove that is a topological solution for small 5 > 0. The proof is simpler 
than (a) of Theorem \l.l\ 

As a consequence of Theorem 1 1.1^ we also have the following result about the uniqueness 
of stable solutions of (II. 2p . 

Theorem 1.3. Let be a sequence of solutions of M.2\) with e > 0. // (Hl-2) hold, then 
there exists Sq := eQ{Z,mj^i) > such that there exists a unique stable solution of 
for each e G (0, Sq). 

We remark that the uniqueness of topological solutions of (II. 2p always holds even 
without the assumptions (Hl-2). Indeed, this result and (i) of Theorem II. II can be proved 
by a suitable adaptation of the argument in [19]. Roughly speaking, this is due to the fact 
that the behavior of a topological solution is the same no matter whether it is a solution 
of (II. ip or of (II. 2p . See either Proposition 4.8 in [19] or Lemma [5.11 below. 

However, there are dramatic differences between these two equations when stable solu- 
tions are considered. First of all, the asymptotic analysis is relatively easier for the CSH 
equation (II. ip . By the maximum principle, any solution u of the CSH equation (II. ip is 
always negative, thus e"(l — e") is always positive. On the contrary, a solution u{x) of 
the equation (II. 2p could tend to either -|-oo or — oo as x converges to a vortex point in 
case A^i 7^ and N2 7^ 0. This fact readily implies that the nonlinear term friu) must 
change sign in VL and this is of course the cause of a lot of difficulties in the study of the 
asymptotic behavior of as e — t- 0. 

Secondly, any nontopological entire solution of the CSH equation (II. ip is always un- 
stable. This might not be true for the equation (II. 2p . Indeed, it has been proved that 
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any nontopological radially symmetric entire solution of (11.21) is unstable provided that 
either r = 1 or j G [0, 1] for all i, j. Hence if r 7^ 1 and j > 1 for some i, j, 
then there might exist nontopological stable entire solutions for (11.21) . Of course, this 
fact might complicate our analysis, because stable solutions might be bubbling even at 
a vortex point pj^i, where r 7^ 1 and > 1. Our condition (H2) partly reflects this 
fact. However, (H2) still allows the possibility that rrij^k > 1 as far as the global condition 
Ni > Nk is satisfied, since in this case one can prove that stable solutions cannot blow 
up at pj^k- But it is still an interesting open problem to see whether those conditions are 
necessary or not and we will discuss it in another paper. 

Remark 1.4. If any one of the Ni's is zero, then Theorem \ 1 . IW 1 . 3\ hold even without the 
assumptions (Hl-2). 

To understand the asymptotic behavior of solutions of (11.21) as e — 0, we also ask 
whether or not there might exist a sequence of solutions for (11.21) such that 



where K = VL\ UijBr{pj.i) for any fixed r > 0. The following theorem tells us that the 
kind of blow-up behavior as introduced in (11.31) cannot occur. 

Theorem 1.5. Let u^ be a sequence of solutions of U.2\} . Then, up to subsequences, one 
of the following holds true: 

(a) Us ^ uniformly on any compact subset ofQ\ Z; 

(b) for any compact subset K G fl \ Z2, there exists uk > such that 



Besides the application to our analysis, we believe that the above alternative could be 
useful in further studies of (II. 2p . 

We also remark that it is important to use a suitable Pohozaev type identity for handling 
solutions with different asymptotic behavior. The following antiderivatives of /t(m) are 
used to this purpose depending on the situations at hand: 




(1.3) 




(c) for any compact subset K C Q \ Z\, there exists uk > such that 



lim ( inf ] > vr- 

e^O \ K J 



-(l-e")2 



2(r + l)(r + e«) 



and 




Moreover, we denote by G the Green's function on Vt which satisfies 




(1.4) 



and by 7(0;, y) = G{x, y) + ^ln\x — y\ its regular part. We also define. 
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and therefore we see that it holds 

4:71 (N N ) '^^ 

' ' i=i 3=1 

The rest of this paper is devoted to the proof of the above theorems. In Section 2, we 
discuss some prehminary results. In Section 3, we investigate the asymptotic behavior 
of solutions of (11. 2p as £ — t- 0. In Section 4-6, we study the asymptotic behavior of 
stable solutions. The main purpose is to prove some identities involving data coming 
from different regions, one being a neighborhood of the vortex point and the other one its 
complement. The more subtle part is the asymptotic analysis of the bubbling behavior of 
stable solutions at vortex points. Finally, we prove Theorems ll.mi.3[ 

2. Preliminaries 
We consider the following limiting problem for (II. 2p when Z is empty, 

AM + ^^^-4T = 0inM2, (2.1) 



and we also define (recall friu) = '^^^^^uyi ) 

f3 = ^ [ fr{u)dx. (2.2) 

By applying the method of moving planes as introduced in [TU] and improved in [3] and 
we obtain the following lemma. 



Lemma 2.1. Let u he a solution of 1^2. Assume that there exists a constant c G M such 
that 

\u\ 

either u < c or u > c or lim sup -j — < c. 

If f^{u) G L-'^(]R^), then u is radially symmetric about some point Xq G M? . 



Proof. The proof of Lemma 12.11 is standard and we just provide a sketch for reader's 
convenience. First of all, we observe that fr{u) G L^{W^) fl L°°(M2). Next we define 

v{x) = ^ I (In |x - y| - ln(|y| + l))fr{u{y))dy, (2.3) 



2vr 

so that Af = friu) and by known elliptic estimates 

lim P^ = (5. (2.4) 

|x|-i^oo In \x\ 

At this point we may define h = u + v and then observe that Ah = 0. 

Step 1. Now we claim that h is constant in M^. If n < c or u > c in for some constant 
c G M , then f l2^ implies that either h < ci(ln(|a;| + 1) + 1) or /i > ci(ln(|a;| + 1) + 1) 
for some constant Ci G M. Then, by Liouville's theorem, h{x) = u{x) + v{x) = constant. 
Now we consider the case lim sup 1 3, i.^.^^ < c. Then, we also see that limsup|^|_^oo is 
bounded. By the mean value theorem, there exist constants ci, C2 G M such that 



sup {D^'hl < sup \h\ < C2, 

BR{y) ^ BR{y) 
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for any y G M^, i? = ^ and |a| = 2 (see Theorem 2.10 in [H]). Then D'^h is a constant 
for |a| = 2 since D'^h is bounded and harmonic in M?. After a coordinates transformation, 
we can assume that either h{x) = a(x^ — X2) + fe or h{x) = cxi + dx2 + e for some constants 
a, b,c,d,e eM. where x = (xi, X2). Hence fl2.4p imphes that either 

u{x) = a{xl — x\) — (/3 + 0(1)) In |x| + h 

= (a + o{l)){x\ — x\) + h as \x\ — )■ 00, 

or 

u{x) = cxi + dx-2 — (/3 + 0(1)) In |x| + e 

= (c + o(l))xi + {d + o{l))x2 + e as |x| — )■ 00. 
For a fixed 5 G (0, 1) we can find a constant > such that 



(2.5) 
(2.6) 



00> I \fr{u)\dx> I \fr{u)\dx 

h<u<25 



>[ Csdx = Cs\{x eR'^ \ 6 <u{x) <26}\. 

Js<u<2S 



(2.7) 



Therefore, by using f l2.5p and f l2.6p . we see that G | 6 < u{x) < 26}\ = 00 unless h 
is constant which proves the claim. Then, as a consequence of f l2.4p . we see that 

lim = -(3. (2.8) 
\x\^<x In \x\ 

Step 2. We claim that if /3 = then u = 0. Suppose that there exists Xq G such that 
u{xo) < 0. Then there exists r > such that 

u\Br{xo) < 0. (2.9) 

Let us set vs{x) = 51n(^-^^) on \ Br{xo). Then we see that vs > u on dBr{xo). 
Since u = o(ln|x|) as |a;| — ?■ 00 (which is of course a consequence of (12.81) and /3 = 0), 
then there exists Rs > such that vs > n on \ i?ij^(0). We claim that i;^ > n on 
BRg{0) \ Br{xo)- If not, there exists xi G i?R^(0) \ Br{xo) such that n(xi) — vs{xi) = 
ma.XBj^^(o)\Br(xo){u — Vs) > 0. Then by the maximum principle, we see that 

> A(n — vs){xi) = —f^{u{xi)) > since u{xi) > vs{xi) > 0. 

Thus, Vs = 51n(^^) > n on \ Br{xo). Since 5 > is arbitrary, we conclude that 

u{x) <0 onR^\Brixo). (2.10) 

Now we see that (12. 9p and fl2.10p together contradict (12. 2p with /3 = 0. Therefore we have 
M > on M^, and then, by using (12.21) together with /3 = 0, we conclude that m = on 
R\ 

Step 3. From now on, we consider the case /3 7^ 0. By using the strong maximum principle 
and (12.81) . we conclude that 

n > 0, fr{u) < if /3 < 0, , . 

n < 0, fr{u) > if /3 > 0. ^ ^ 

In view of (12. lip , we can use the maximum principle to show that 

u<-/3\n\x\+C if /3 < 0, (9 to] 

u > -p\n \x\+C if /3 > 0, ^ ' 
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for large |x| and a suitable constant C G M. By using fl2.12p . then fr{u) G L^(M^) implies 
that > 2 and then we deduce the sharper estimate 



= — /3 In |x| + 0(1) as |x| — t- +00. 



(2.13) 



At this point, the method of moving planes to be used together with fl2.13p shows that u 
is radially symmetric. Since the proof is standard we skip it here and refer to [3], [10] for 
further details. Therefore, the proof of Lemma 12.11 is completed. □ 



Let u(r; s) be the solution of the following initial value problem 



'«" + ^^' + ^^ = forr>0, 
u(0;s) = s, u'{0]s) = 0, 



where u' denotes ^(r; s) and let us set 



Zn 



fr{u{r]s)) 



fr{u{r; s))rdr. 



(2.14) 



(2.15) 



It turns out that the solutions of fl2.14p admit only three kinds of limiting conditions as 
r — )• 00: 

topological boundary condition : u — )■ 0, 



nontopological boundary condition of type I : u —00, 

nontopological boundary condition of type II : m — t- 00. 
We will use the following lemma recently obtained in [B]. 

Lemma 2.2. Let u{r\ s) he a solution of 1^2.14 }- Then, we have 

(i) /3(0) = 0. In this case, u{r; 0) = is the unique topological solution of \2. 14^ ; 
(a) /3 : (—00,0) — > (4,00) is strictly increasing and bijective and 

lim P{s) = 00 and lim /3(s) = 4. 

s— s— >— 00 

In this case, u{r] s) is a nontopological solution of type I; 

(Hi) P : (0, 00) — >■ {—00, —4) is strictly increasing and bijective and 



(2.16) 



lim /3(s) 

s-i-0+ 



—00 and lim /3(s) = —4. 
In this case, u{r; s) is a nontopological solution of type II. 

3. Proof of Theorem II. 5[ the asymptotic behavior of solutions 



One of the main steps in the proof of Theorem 11.51 is to obtain a uniform bound for 

1 e"^(l - e"^) 



' (r + e 

Toward this goal we have the following lemma. 



dx. 



Lemma 3.1. Let be a sequence of solutions of U.2\) . Then, there exists a constant 
Mo G (0, 00) such that 

1 e"^(l - e"^) 



r + e 



dx < Mq. 
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Proof. We observe that, for any a G (0, oo), it holds 



Am, 



1 - e"^ 

a + e"-' 



div 



1 - e"-' 



+ 



(a + 1)|VmJV- 



[a + e"-' 



{3.1] 



Then, multiplying both sides of the equation (II. 2p by ^^f^ and integrating over fl, we 
conclude that 

(a + l)|VM,pe"- 1 e"-(l-e"02 , , ^A^i ^ 



[a + e«= 



e'^ (t + e"03(a + e"^ 



(3.2) 



Let us fix a = 1. Then there exist some constants Mi, M2 > such that 



and 



1 e^-d-e"-)^ 



^2 _^ e'^=)3(l + e"" 
We also see that there exists ^^^i G (1,2) such that 

-1 

/ \Vu,\dS 
'K=-4,i} 

and there exists a constant Cq > such that 



< Ml, 
cix < M2. 



WuJdS]dr, 



iVusl'^dx < Co 



'{-2<Me<0} 

Hence we also have 



..<0| (1+^ 



da; < cqMi. 



(3.3) 
(3.4) 

(3.5) 

(3.6) 



{-2<u^<0} 



f 



WuJdS 



-4,1} 



WuJdS ]dr 



(3.7) 



2 ^J{«^=r} 

\VUe\'^dx < CqMi. 

{-2<Me<-l} 

Let u be an exterior unit normal vector to d{x G ^2 | — 5^,1 < < 0}. By using 
> and (13. 7p . we see that 



Ue=0 



< 



1 e"^(l - e""^ 



-fix 



{-Se,l<Ue<0} 



{«e = -<5e,l} 



9z/ 



rf5 



{u,=0} 



du 



dS 



(3. 



< 



\VUe\dS < CqMi. 

' {Ue = -Se,l} 

The same argument with minor changes shows that we can find constants Ss,2 ^ (1)2) 
and Ci > such that 

1 e"^(l - e""^) 



j 



^2 C^_|_g«e)3 



< ciMi. 



(3.9) 



Moreover, there exist constants C2, C3 > such that 



/ 



{?le<-(5£,i} 



1 e'^=(l -e^^^) 



r + e 



1 e"-'l-e"-' 



Ue\2 



dx<C2 ^TwT^lTT^^ ^ (3.10) 
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and 

/ dx<C3 / — -^TT^ ^dx < C3M2. 3.11 



The desired conclusion follows by using (jM]), (El]), f l330|) and ( KTT\\ . □ 

Let us recall the following form of the Harnack inequality which will be widely used in 
the sequel (see P and [H]). 

Lemma 3.2. Let D CM."^ be a smooth bounded domain and v satisfy: 

—Av = f in D, 

with f G U'{D), p > 1. For any subdomain D' CC D, there exist two positive constants 
a G (0, 1) and 7 > 0, depending on D' only such that: 

(a) if supt" < C, then supf < ainf t> + (1 + o")7||/||lp + (1 — 

dD D' D' 

(b) if iniv > -C, then asupv < inf i; + (1 + o-)7||/||lp + (1 - a)C. 

dD £)i D' 

Moreover, we have the following lemmas. 

Lemma 3.3. Let be a sequence of solutions of M.2\) . Let K be a compact subset such 
that K d VL \ Z . Then there exist constants a,b > such that \us{xe) — Ui;{ze)\ < ar"^ + b 
for any r > and G B^rixe) C K. 

Proof. By using the Green's representation formula for a solution of (11. 2p . we see that 
for X e K CC ^\Z, 

= THT / '^eiy)dy+ I G{x,y){-Ausiy))dy 
l"l Jn Jn 

f /le"=(l-e"") 4^ \ i^-^"^) 

+ G{x, y) (^--^-— — ^ - 4vr ^j.A^,, + 4vr J] ^^^,25^, J dy 



Then, 



for X, z G K. 

In view of Lemma 13.11 we see that 



^s{x) - u,{z) = / In f P^^-^dy + 0(1) 



27re2y^ \\x-y\) (r + e"-)3 (3.14) 

for x,z & K. 
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For fixed r > 0, we assume that 2e G B^ri^e) ^ K. By the mean value theorem, there 
exists 9 = 0{e,y) G (0, 1) such that 



In \z^ — y\ — In {x^ — y\ 







- y 




Xe - y\ 




6 




-y 


+ 


(1- 




-y\ 



< 



(3.15) 



e\z,-y\ + {\-Q)\x^-y\' 
For any y G f2 \ B^erix^^ we have — ?/| > and — y\ > 2er. Thus, we see that 



In \zi; — y\ — In \xs — y| | < 



er 



Oer + (1 - e)2er 2-6 
At this point. Lemma [3.11 imphes that 



<l OnVl\B2er{Xe)- (3.16) 



27r£2 



In 



\ze - e"=(l 



\Xe - y\ 



r + e 



dy = 0{l). 



(3.17) 



We also see that 



JB2er{Xe) ^ 



\Ze - y\ 
\xe - y\ 



dy< 



B2er{Xe) 



< 



< 



< 



< 2 



e\z,-y\ + il- 



Xe - y\ 

dy 



rdy 



B2er{xe) min{ 1 2:^ - ?/ 1 , \Xs-y\} 

dy 



B2M \^e-y\ \xe-y\ 



f 

B4er{0) 



\y\ 



+ 

-dy 

^-dy < Wr^e^n. 



(3.18) 



■dy 



Therefore we conclude that 
1 



2ne^ 



B2er{Xe) 



In 



Ze-y\ \ e""(l - e"^) 



\Xe - y\ 



dy < 8r^ sup 



r + e' 



t\3 



(r + e"^)3 

and we readily obtain constants a,b > such that for any r > 0, it holds 

\ueixe) - Ue{ze)\ < ar^ + b foT G B^r{x^ ^ K. 



(3.19) 

(3.20) 
□ 



Lemma 3.4. Let K he a connected compact set such that K d Vt\Z . Suppose that there 
exists a sequence of solutions {ue} of such that 



lim ( inf 

e^O V K 



0. 



Then, we have ||iie||L°°(/^) "^0 as e — ?■ 0. 

Proof. Choose a sequence of points {xe} C K such that [^^(xs)! = infi^- Passing to 
a subsequence (still denoted by Ue), we may assume that limg^oa;^ = xq ^ K. We argue 
by contradiction. Suppose that there exists a positive constant ck > and a sequence 
{ze} C K such that supj^ Im^I = [^^(^e)! > Ck for small 5 > 0. We will use the constant 
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Mq > obtained in Lemma 13.11 If Us{zs) < —ck then, by using Lemma 12. 2[ we can 
choose Si < such that 

> — - and — < Si < 0. 

TT 



If Ue{z^) > Ck then, by using Lemma [2. 2 [ we can choose si > such that 

< and < Si < ck- 

TT 

We can also choose G K such that UsiVe) = si by the intermediate value theorem. Let 
Ue{x) = u^{ex + He) foT X G ^e,ye = { X ^ R"^ \ EX + ^ Ki } where Ki is a compact 
subset such that K C int(-ft'i) G Q \ Z. Then satisfies 




e"e(l-e"e) 

= Si, 
e"e(l-e"e) 
(T+e"£)3 



on 



(3.21) 



dx < M, 



0- 



By using Lemma 13^ we see that Us is bounded in Ci^^{Qs,y.)- Passing to a subsequence, 

^2 / 

-"loci 

An. + = on R\ 



we may assume that converges in Ci^A^"^) to a function which is a solution of 



e"*(l-e"*) 

= Si, 
e"*(l-e"*) 
(r+e"*)3 



(3.22) 



By using Lemma 13.31 and Lemma 12.11 we conclude that is radially symmetric with 
respect to some point p in and does not change sign. Hence Lemma 12.21 shows that 

1 - e"*) 

27r|/3(n,(p))| > 27r|/3(si)| > 2Mo, (3.23) 



Mo > 



-dx 



(r + e"*)^ 

which is the desired contradiction. Therefore, lime_j.o ||^e||L°°(_ft:) = 0. 
As a corollary of Lemma 13.41 we obtain the following proposition. 



□ 



Proposition 3.5. Let he a sequence of solutions of M.2\] . Then, up to subsequences, 
one of the following holds true: 

(a) Uf, ^ uniformly on any compact subset ofQ\ Z; 

(b) for any compact subset K G Q \ Z , there exists > such that 



lim ( sup 

e->0 \ E(' 



(c) for any compact subset K G VL \ Z , there exists vk > ^ such that 

lim ( inf ) > Uw- 

Proof. In view of Lemma 13.41 it suffices to show that (a) holds whenever both (b) and 
(c) fail to hold. Suppose that (b) and (c) do not hold. Then, we can take compact sets 
Ki, K2 G Q \ Z and sequences {xi^^} G Ki, {x2,e} C K2 such that 



limueixi e) > and \imue(x2 e) < 0. 

£^■0 ' e-i>0 



For any compact set K G Q \ Z, taking a connected compact set K G Q \ Z such that 
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and using the intermediate value theorem, we can obtain a sequence {x^} C K satisfying 



hm \u^{xs)\ = 0. 



Hence, Lemma [3.41 yields that lime_j.o ||^e|lL°°(A') ~ 0' which completes the proof. □ 



The proof of Theorem 11.51 completed. 

First of all, we assume that (b) in Proposition 13.51 holds. In this case, we also suppose 
that there exists r G (0, |dist(Zi, Z2)) such that i?2r(Pj,i) H i?2r(Pj,i) = when i ^ j 

and limg^^o (^sup^^di ^ ^^^^w^j > 0. By using lym^^p. ^Ufr{x) = —00 and the interme- 
diate value theorem, we see that there exists Xs G U'^LiBr{pj,i) such that [^^(xe)! = 
inf^di ^ j,^^^ \us\ — )■ as e — 7- 0. Let xq G ^'jLiBr{Pj,i) be the limit point of x^. Passing to 

a subsequence, only one of the following two possibilities can be satisfied: either xq ^ Zi 
or Xq G Zi. 

Case 1: Xq ^ Zi. 

Let us fix a constant d G (0, |dist(xo, 2')). Since Bd{xo) C Q\Z and in particular 
lim£_^o inf g^^^^^ I'Uelj = 0, then, in view of Lemma we see that hme_j.o ^ sup ^^^^^-^ \ue 

0. This is a contradiction since we are assuming that Proposition 13.51 (b) holds. 
Case 2: Xq G Zi. 

For the sake of simplicity, we assume that Xq = G Zi. Since we are assuming that 
Proposition 13.51 (b) holds, then there exists 7 > such that lim£_j.o ^ sup|3,|=^ < —7. 
By the maximum principle, we see that sup|2,|<^n£ < 0. We claim that 

limi^ = oo. (3.24) 

£^0 e 

We argue by contradiction and suppose that lim inf ■'y^ < C)0. Hence, passing to a 
subsequence, we could assume that ^ < c for some constant c > and small e > 0. 
Note that Ue(x) = 2mj^iln|x| + Vs{x) near x = for some smooth function and 
1 < J < di. Let Veix) = Vs{\xs\x) + 2mj^iln \xe\ for |x| < Then Vs satisfies 

Av, + ' ' ' , ' L ' = on 5^(0). (3.25) 
We also observe that 

T 

Vs{x) = Ue(|xe|x) — 2mj^iln|x| < — 2mj^iln|x| for |x| < -j — r, (3.26) 

I 

and 

lim Vg f — ^ ) = lim uJxs) = 0. (3.27) 



Since — < c and supj>o 



< 00, then for any p > 1 and R > 0, there exists a 



constant Cp^R > such that lim£_5.o || A{)e||iP(B^(o)) < Cp^R. By using (I3.26|) . (I3.27p . and 
Lemma [3.2[ we see that for large i? > 0, there exist a G (0, 1) and 7 > 0, independent of 
e > 0, such that 

0(1) = ) < sup Vg<a inf + {1 + a)-f\\A%\\Lp,Ba(o)) - - o-)2mji\n R. 
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Hence is bounded in Cj°^(-B_j^(0)). Passing to a subsequence, we may assume that 

lime_>.o = yo G S^, linie-^o ^ = cq > 0, and converges in Ci^^CU."^) to a function w 
satisfying 

^2 1 ^ 1 2m,' 1 ^-0 I ^ 1 2m,' 1 ^i)'^ 

d2 







2mj,igi)^-j^ _ 


X 


2mj,igi)^ 




X 


2m 





AO + 

Then the function u = v + "^rrij^i ln\x\ < satisfies 

c2e"(l-e") 



in 



Am + 



[T + e 



u\3 



4:7imj i6o in 



(3.28) 



(3.29) 



Since m < 0, we have cq > and since u{yo) = lims^oUe^Xe) = 0, we have -u = by the 
strong maximum principle. This is of course a contradiction and fl3.24p is proved. 

At this point, let us fix a constant S2 < such that /3(s2) > ^ (see fl2.15p and Lemma 
13. ip and —7 < S2 < 0. We can choose on a line segment joining x^ to such that 

UeiVe) = ^2 and \ye\ > \xs\ by the intermediate value theorem. Let Ue{x) = Us{ex + ye) on 
5 1^(0). We note that ^ i?i^(?/e). Then satisfies 



e"e(l-e"e) 




in 5^(0), 



cix < Mq. 



(3.30) 



By using the fact that Ue < and Ue(0) = S2 together with Lemma [3. 2^ then we see that 
for large R > there exist a G (0, 1) and 7 > 0, independent of e > 0, such that 



-32 = We(0) < sup Us < a inf u 



B 



R/2 



(0) 



(0) 



and Ue is bounded in C*i°j,(i?^ (0)). Then u^ converges in Cj^^ 

2e 

satisfying 



cr)7||AMe||Lp(ij^(0)), 

) to a function u* 




e"*(l^e"*) 
(T+e"*)3 

= S2, < 



in 



e"*(l-e"*) 
(T+e"*)3 



(3.31) 



< Mn. 



By using Lemma 12. 1^ we see that is radially symmetric about some point. Then, 

dx > 27r/3(s2) > 2Mq from Lemma [2.21 which is once more a 



we see that 
contradiction. 



e"*(l-e"*) 
(r+e"*)3 



At this point, by using the above results, we see that lime_^o ( sup 



< -c 



for some constant c > 0, which shows that (b) in Theorem 11.51 holds whenever (b) in 
Proposition 13.51 holds. 

The proof of (c) in Theorem 11.51 follows essentially by the same argument and we skip it 
here to avoid repetitions. □ 

4. Proof of Theorem 11.11 stable solution topological solution 



In this section, we will prove one of the implications in the statement of Theorem II. H 
that is, stable solution =^ topological solution whenever (Hl-2) hold. Let Ug be a sequence 
of stable solutions of (11. 2p . To prove Theorem II. H we argue by contradiction and suppose 
that Me does not converge to almost everywhere. Then either (&) or (c) of Theorem 11.51 
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would occur. Since fr^u) = — '^^'^3 "\ without loss of generality we can assume that 
has the profile (6) of Theorem 11.51 

If — 21ne has a bubble at some point in f2 \ Z2, then there are two possibilities. 
One is that the limiting equation is the mean field equation and it is easy to see the 
solution is not stable. Another one is that the limiting equation is (11. 2p . but defined in 
the whole M^, and after a suitable scaling, Us tends to a nontopological solution u such 
that lim|a;|_^oo ""(x) = —00. Again, this is also unstable. The proof is not difficult. But for 
the sake of completeness, we put the proof in the Appendix. To the best of our knowledge, 
even for CSH fll.ip . this result has not been written in the literature. 

Therefore, from now on, we may assume that for any small r > 0, there exists > 
such that 

We = Ue — 2\ne < Cr on il\Lij{Br{pj,2))- (4.1) 

Now we consider 



Us = inf ,, , 



L2(f7) 

1 /- 1 1 f e"-'(-r + 2(r + l)e"--e^"-) ^ 



(4.2) 



To derive a contradiction, we want to prove that for small e > 

e"^('-r + 2('r + l)e"--e2"-^ 



^ e2(r + e-0^ 



dx < 0. (4.3) 



To prove (14. 3p . we need to compute the integral over a small neighborhood of each pj^2 G 
Z2. Let us first show a simple fact about We. 

Lemma 4.1. Ws satisfies 

either \im\\ws - UQ\\Lccm\^u,(Brip, 2))) < ^ or lim ( sup wA = -00. (4.4) 
Moreover, for any small r > 0, there exists Cj. > such that 

sup \V{We -Uo)\ < Cr- (4.5) 

n\Uj{Br{pj,2)) 

Proof. We note that satisfies the following equation 

+ / , 2e^,N3 = X, ^jA^P.i - 2^ "2,, a^p,,, on Q. (4.6) 

We also see that 

, e'"^(l-e2e-^) A7r{N, - N2) 

By using (14. ip and Lemma [3. 2 ^ we readily obtain (14. 4p . 

Next, by using the Green's representation formula for a solution Ws of (14. 6p . we see that 
for X G f2, 

Ws{x) - uo{x) = — / We{y)dy+ / G{x,y)— — ——^dy. (4.7) 
^2 ./o ./o r + e"'^-^ 
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By using Lemma 13.11 we conclude that there exists a constant C > 0, independent of 
e > and r > 0, such that for x G ^2 \ Uj{Br{pj^2)), it holds 



|V(We(x) - Uo{x))\ < ^ 



27r Jq \x - y\ 



dy + C 



27r I 



sup 



Q\Uj(Br(p,,2)) 



r Jn\ Br{x) 



Br{x) F ~ y\ 



(4. 



dy\+C. 



By using (14. ip and Lemma 13.11 we obtain (14. 5 p which concludes the proof of our lemma. 

□ 

If lime_j.o ll^^e — iio||L°°(n\Uj(fir(pj 2))) < ^ ^^r any small r > 0, then there exists a 
function i/; satisfying 

We^W in CL(^]\Z2). 

By using Lemma [3. 1[ we also see that w satisfies 

Aw + — = Att^ nij^iSp^^^ + 471" ^ /5i,2^P,,2 on where 2 > -1. (4.9) 



If lim^^o ^'^Pn\Uj{Br{pj 2)) ^"^j = ^00, then for fixed xq G Q\Z, and by using (14. 5p . we 
see that there exists a function g satisfying 



and 



d2 



Ag = in ^ "^j,i5p^.i + 47r ^ f^j,25v],2 on ^ where /3j,2 G 
i=i i=i 

Clearly f grTU]) implies A^i + Y.%i ^j,2 = 0. 
Next we have the following property. 

Lemma 4.2. For any 1 < j < c?2, 

friUe 



(4.10) 



lim lim 



-dx = -47r(mj^2 + /3j,2) 



and 



lim lim 



(4.11; 



(4.12) 



w/iere F2,^(m) = ^"2r2(^|''eJ^2^^-' ■ 

Proof. For the sake of simplicity, we assume that Pj^2 = 0. We consider the following two 
cases. 
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Case 1. We ^ w in C^^^{^ \ Z2). 
We integrate fl4.6p on Br{0) and take the limit as e — 5> to conclude that 



lim 

£-S>0 



friUe 



Brio) 



-dx = — lim (Anrrij 2+ f 
= -47r(mj- 2 + f3j,2) + 



dBr{0) 



du 



da 



-dx. 



dBr{0) 



dw 
du 



da 



Br(0) 



Clearly Lemma 13.11 implies that 



lim lim 



-dx = -47r(mj,2 + (3j,2)- 



'Brio) ^ 

At this point we consider the function v = w — 2/3^^2 In which satisfies 

At; + — = on 5,.(0). 
Multiplying fl4.13p by Vw ■ x and integrating over Br{0), we conclude that 



JdBriO) 



X 



\X\ 



(Vf ■ x) 



I Vf Plxl 



ex 



da 



(2 + 2/3,, 2) 



■dx. 



Brio) 



Let us also consider the function = Me(x) + 2mj,2ln which satisfies 



friUe 



on 5,,(0). 



Multiplying fl4.15p by Vu^ ■ x and integrating over -Br.(0), we have 

j 2F2,AUe 

J Brio) 



-dx 



VV, ■ ^) {VVe ■ X) 
IdBriO) '-^ FK 

Hence, as 5 — ?> 0, we have 

2F2,,(n 



Vv^\'^\x\ , F2Ju^)\x\ 



+ 



2m j ^2- 



Vv^ ■ X 



\x\ 



da. 



lim 

e-5>0 



■z -fix 

Br(0) 

{Vv-x + 2(mj- 2 + /3j,2))^ 



+ 



IdBriO) 



2mj- 2{Vi; ■ X + 2(mj-2 + (3j,2)} 



Vv + 
da. 



X 



|x| 

Y 



X 



By using f l4.14p . we also see that 



lim lim 

r-s-Oe^-O 



Brio) 



^^^dx = 2vr(/3^2 - ml2) 



which is f02D . 



(4.13) 



(4.14) 



(4.15) 



(4.16) 
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Case 2. ge = - w^ixo) ^ g in C^^i^l \ Z2). 
We integrate fl4.6p on Br{0) and take the limit as e — > to conclude that 

dge 



lim [ '^^^^^^ dx = — lim (Airrrij 2 
J Brio) ^^0^ 



dBr{0) 



du 



■da 



i,2 



dBr{0) 



dg_^ 
du 



da ) = -47r(mj,2 + Pj^)- 



Let us consider the function h = g — 2/3^^2 In Then h satisfies 

A/i = on Br{0). 
Next we also define = 5'e(x) + 2mj 2lii which satisfies 



Ah 



e ^ 9 



on Brio). 



Multiplying (14. ISp by Vm^ ■ x and integrating over Br{0), we see that 

2^2,. 



lim 



Brio) 



dBriO) 



-dx 



\x\ 



Vh 



2(mj- 2 + f3j,2)x 



\x\ 



\x\ 

Y 



2mj- 2{V/i • X + 2(mj- 2 + /3j,2)} 



\x\ 



da. 



By using f l4.17p . we also conclude that 

F2A< 



dx = 27r(/3|2 - ml^), 



(4.17) 
(4.18) 



lim 

J Brio) ^ 

which is fHTTT]) . □ 

Let Ueix) = Us{ex) which satisfies 

+ /r(Ue) = -47rmj- 25p,, 2 OU Br{pj^2)- 

Moreover we have: 

Lemma 4.3. There exists a constant c > 0, independent of r > and e > 0, such that 

2mj-2(x-pj-2) 



Vueix) + 



\X -Pj,2\ 



< c on Br{pj2). 



(4.19) 



Proof. For the sake of simplicity, we assume that Pj 2 = 0. By using the Green's repre- 
sentation formula for a solution of (II. 2p (see (I3.12p ) and Lemma [3.1^ we see that for 
X e 5^(0), 



VuJx) + 



2m j 2X 



\x\ 



<C + 



27r£:2 \x - y\ 



dy 



\fAu,)\ 



dy + 



Beix) F y\ Jn\B^ix) F — y 



dy 



<C 



c 



for some constants C, C > 0, independent of r > and e > 0. The desired conclusion 
follows by the substitution Us{x) = u^isx). □ 
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As mentioned above, we have to study the behavior of as £ — ?> 0. This is most 
dehcate part of our proof. Here, the Pohozaev identity (14.121) is used. 

Lemma 4.4. If t = 1 or mj.2 G [0, 1] , then for any rj > 0, 

i sup Ueix)] = hm ( sup Ue{£x)] = — oo. (4.20) 

\'J:-Pj.2\=ri ^ ^'^^ ^\x-Vj.2\=r\ ^ 



hm 

e->0 



Moreover, if We w in Cf^^i^Q \ Z2), then ([^.^0| ) always holds without any further 
assumptions for r and mj^2- 

Proof. For the sake of simphcity, we assume that pj^2 = 0. We divide the proof of our 
lemma in two steps. 

Step 1. We claim that for any ?7 > 0, there exists > such that for small e > 0, 

sup Uei^x) = sup Us^ex) < Crj. (4-21) 

|a;|=r; \^\=V 

We argue by contradiction and suppose that there exists ?7o > such that 

lim ( sup Ueix) ) = lim ( sup ^^(ex) ) = +00. 

Since |Vue| is locally bounded in 5^(0) \ {0}, we also see that 

lim ( inf Ue{x) ] = lim ( inf Ue{ex) ] = +00. (4.22) 

£-i-0 V |a;|=r;o / V |x|=r;o / 

Fix c e (—00,0) and n G N. Since limg^o supg^^Q = —00, then (I4.22p implies that 

there exists yl = (r* cos 6',, r* sin 6*4) such that Ueiul) = c where = ^ and 

limr* = +00, lim(£:r!.) = for all 1 < i < n. 

e^O ^ £-5-0 ^ 

In view of fl4.19p . we see that the function uKx) = Ue{x + yl) satisfies 

Aui + fr{ui) = 0, |Vn*|<Ci on 5^(0), u^(0) = c < 0, 

2 

for some constant Ci > 0. Then is uniformly bounded in L^^{B^i (0)) and there 

2 

exists a function such that — )■ in Ciq^(M^) and 

Au^ + fr{u') = 0, \Vu'\<Ci on m^(0) = c < 0. 

By using Lemma 12.11 we see that is radially symmetric with respect to some point 
in and does not change sign. Hence Lemma [3A] and Lemma [2^21 together imply that 
there exists a large R> such that /g^j-Q) IfriuDldx > in. Then, 

Mo> / \fAUe)\dx>f2 [ \fr{Ue)\dx 
n „ 

= / |/r(^e)Ma^ > for any G N, 



i=l 



which is a contradiction. Therefore (14.211) holds as claimed. 

Moreover, by using (14.11) . (I4.2ip and the maximum principle, we obtain 

sup Ue{x) = sup Ue{ex) < Crj. (4.23) 
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Step 2. To prove our lemma, we argue by contradiction and suppose that {u^} is 
uniformly bounded in Lj^^(_Br(0) \ {0}). Then, since sup^gjj [/^-(t)! < oo and by using 
fl4.19p and fl4.23l) . we see that there exists a function u such that -Ue — -u in Cf^^i^ \ {0}) 
and 

Am + fr{u) = — 47rmj^2^o on M^, 

(4.24) 

fr{u) e L^(R^), suP|^|>im(x) < C, sup|^|>i |Vm(x)| < C, 
for some constant C > 0. Let P = J^2 fT{u)dx. Then we obtain 

hm -Vr = -2m,- 2 - (i. 

|x|-s-oo In |x| 

In view of fl4.24p . we also see that we cannot have \mi\x\-^oou{x) > 0. Moreover, since 
/r('u) G L-'^(]R^) and sup|2,|>i |V'u(x)| < C, then we see that 

either lim u{x) = or lim u{x) = — oo. (4-25) 

Indeed, if there exists a sequence Xn € such that, 

lim \xn\ — > +00, lim u{xn) = c ^ {0, — oo}, 

n— >oo n—^oo 

then since sup|2.|>^ |V'u(x)| < C, there exist small tq > and cq > 0, independent of n, 
such that 

|/r(ii)| > Co > on Broi^n)- 

Then J^^ \ fr{u)\dx > J2n=i Isroixn) = +oo which proves f!4.25p . 

If lim|2,|_>.oo = 0, then (14. ip and the maximum principle imply that there exist 
Cr > and i?o > such that 

%<Cr on 5r(0)\ 5^,(0), (4.26) 

which implies that 

F2,r{us)>0 on 5r(0)\5^„(0). 

In view of supjgjg |F2^^(t)| < oo, (I4.12p and (I4.26p . we also see that, for any R G {Rq, oo), 
we have 



(o)\-.(o) ^4_27) 



> lim lim / F2^r{ue)dx = / F2^r{u)dx. 

V^0e^0jBr,(0)\B„(0) ' Jb„(0) 



Since lim|a.|^oo ^(a;) = 0, we see that 

^ /-.N , e^((l-r)e" + 2r) 1 
lim F2^(m) = 1 m ^ — — ^ = — ^ 0, 

IxKoo ^'^^ ^ ixKoo 2r2(r + e")2 2(r + l)r2 ^ ' 

which shows that the right hand side of (I4.27P could be arbitrarily large, which is impos- 
sible. Hence the first case in (I4.25P cannot occur. 

If h.m\x\^oou{x) = — oo, then in view of (14. ip and the maximum principle, there exists 
Rq > such that 

u,<0 on 5r(0) \5^o(0). (4.28) 
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By using Lemma [4.21 and (14.281) . we see that 

27r/3 = lim / fT-{u)dx = lim lim / 

^^°°J\x\<R "^'^ J \x\<R 

< lim lim / fJue)dx = —ATr(mj2 + A ^)- 
Hence we conclude that 
and in particular that 

lim = -2m. 2 - /? > 2/3. 2. (4.29) 

|a:|^ooln|x| 

By using (I4.24p and \im\x\_).ao u{x) = —00, we see that e" G L^(M^ \ i?i(0)) and then 

lim < -2. (4.30) 

Ixl^oo In |x| 

At this point, the method of moving planes can be used together with (I4.30p to prove 
that u is radially symmetric (see [31 HO])- Moreover, (I4.29P and (I4.30p imply that 

(3j,2 < -1. (4.31) 

If We ^ w in Cf^^{fl \ Z2), then (I4.3ip contradicts (14. 9p . Moreover, if r = 1 or 772^2 ^ 
[0, 1], then Theorem 3.4 in [B] imply that u cannot be stable solution, which yields a 
contradiction and completes the proof of our lemma. 

□ 

Lemma 4.5. // 

lim ( sup Ueix)) = lim ( sup Us{ex)] =—00, (4.32) 

then 

lim ( sup u^{x)] = lim ( sup Uf^iex)] =—00. (4.33) 
Moreover, m,- 2 + /S? 2 = 0. 



Proof. For the sake of simplicity, we assume that pj^2 = 0. We divide the proof of our 
lemma in the following steps. 

Step 1. To prove (I4.33p . we argue by contradiction and suppose that for some constant 
c e (-CX), 0), there exists G Sr(0) \ -B,,(0) such that UeiUe) = c. In view of (CTi) . ( KT^ 
and (I4.32p . we see that 

lim \yJ = 00 and lim(e|?/e|) = 0. 

£-s>0 e-!>0 

Moreover, by using (I4.19p . we see that the function Ue{x) = ^^(x + y^) satisfies 

AU, + fr{Ue) = 0, \VUs\ < Ci OU 5^(0), 

n,(0) = c<0, fr{ue) eL\B iy^iO))/' 

2 

for some constant Ci > 0. Then {ue} is uniformly bounded in L^ci^ \]idi^)) there 

2 

exists a function n such that — )■ n in Ciq^(M^) and 



Am + fr{u) = 0, |Vm| < Ci on 
m(0) = c<0, /,(m) G L1(M2). 



1.2 



5 
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By using Lemma 12.11 we conclude that m is a nontopological radially symmetric solution. 
Then Theorem 3.4 in p] shows that u cannot be a stable solution which proves (jll 
Step 2. By using Lemma 14.21 and (14.331) we see that 



-47r(mj 2 + /Sj 2) = lim hiii / fT{u^)dx= lim lim / -^dx 

= lim lim / F2 = 27r(/3^2 ~ "^?2); 



(4.34) 



which implies 



'^j,2 + /3j,2 < 0, and 

either mj^2 + /3j,2 = or m^- 2 — /3j,2 = 2. 



To prove our lemma, we argue by contradiction and suppose that 

m,- 2 + (5j,2 < 0, (4.35) 

which implies 

"^i,2 - Pj,2 = 2, mj^2 < 1 < -/3j,2- (4.36) 
If If e — J- in CjQ^(n \ Z2), then (I4.36P contradicts (3j^2 > —1 in (14.91) . and we obtain 
that mj^2 + /3j,2 = in this case. 

Therefore, from now on, we assume that 



( sup ) = —00 for any small r > 0. (4.37) 



lim 

^n\Uj(Bripj,2)) 



Then (14.321) and (I4.37P imply that for any r, 77 > 0, 



lim( sup e"^(^)|xn=0. (4.38) 



^-^0 ^xeasr (o)uaB^(o) 



Step 3. We claim that for any r, 77 > 0, 

limf sup e^=(^)|xp) = 0. (4.39) 
^xe_B|(o)\B^(o) ^ 

Let us choose ye G -Bi(O) \ -87,(0) such that 

e^^(y^)\y^\^ = f sup e"^(")|xr 

^ x€Br{0)\B^(0) 

We consider the function Ue{x) = Ue{\y elx) + 2 In \ ye\. Then satisfies 



Moreover 



12^1 



Atte + - — , - ,, — r^-T^ = -47rmj-2^o on 5^(0). 



■ ) 



Ue{x) = Ue{\ys\x) + 2 ln( jy^ | |x| ) - 21n |a;| 

< - 21n|x| on 5_^(0) \ 5^(0). 



(4.40) 

To prove the claim (14.391) . we argue by contradiction and consider the following two cases. 
Case 1: Suppose that 

\im{e^^^y^'^\yefj =+oo. 
Then we see that, in view of (I4.38p . we have limg^o = +oo and lim£_j.o(e||/e|) = 0. 
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Moreover, we see that 



■ ) 

Se = exp ^ — 2^^{^Y~j) ) ~^ ^ e ^ 0. 
In view of fl4.40p . we see that for any x G Bi{0) \ Bs{0), 



Ue{x) <uJj^) -2\n6. (4.41) 

1 1/e I 

By using f l4.33p and hnie^o IVel = +oo, we also see that 

hmf^^) =hme"^(l^^l^) = on Bi(0)\Bs(0). (4.42) 
e-^O V \ys\ ' * 

Let wjyx) = Ue(^SeX + + 2 In for |a;| < 2^-- For small e,6 > 0, Wi- satisfies 



e"'- 1 



Awe + ^ #^ =0 on 5 . (0). 



By using f l4.4ip . we see that 

/U, h _ 9 In A -L 9 Ir, o — _91r,A for \rr\^J- 

(4.43) 



Weix) <Ue{ye/\ye\) -'2ln6 + 2\nse = -2\n5 for |x| < 
^,(0) = M,(y,/|y,|) + 21ns, = 0. 

In view of (14. 42 p . we also conclude that linig^o = and for small e > 0, 

< -Aws < on 5^(0). (4.44) 

T 2se 

By using f l4.43p . f l4.44p . and Lemma [3.21 we see that for any p > 1 and R> 0, there exist 
constants a G (0, 1) and 7 > 0, depending on i? > only such that 

= w^{0) < sup <a inf + {1 + a)-f\\Aws\\LPiB2R{0)) - 2(1 - cr) \nS, 

Br{0) -6^(0) 

which implies that Ws is bounded in Ci^jB s (0)). Then there exists a functon w^, such 
that Ws in Ci^^(E?). By Lemma [XT| w^, satisfies 

" A^x;, + ^ = in 
w^{0) = 0, e""* G Li(M2). 

However we see that u?* cannot be a stable solution, which yields the desired contradiction 
and rules out Case 1. 

Case 2: Suppose that there exists c > such that 

e"' < lime^^(^=)|yj2 < (4.45) 

Then, in view of fl4.38p . we see that limg^o IVel = +00 and lime^o(£^|ye|) = 0. By using 
fl4.40p and fl4.45p . we also conclude that 

I ue{x) <ue(^^^ -2\n\x\<c-2\n\x\ for x e Bi{0) \ Bs{0), ^^^^^ 

[ -C<Ueiys/\ye\)- 

By using fl4.33p and lim£_j.o \ye\ = +00, we also have 

lim f^^^) = lime"^(l^^l^) = on Bi(0)\Bs(0). (4.47) 
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Then (14.471) implies that for small e > 0, 

< -^-s = ^\,../\yJ;y < ^ on 5. (0) \ B,(0). (4.48) 

By using (14. 46 p . (I4.48p . and Lemma [3. 2[ we see that for any p > 1 and 6 > 0, there exist 
constants a G (0, 1) and 7 > 0, depending only on 5 > such that 

-C < UsiyJlVel) < sup Ue 
Bi(0)\Bi(0) 

- ^ « J{! p + (1 + (^h\\^^e\\LP{B2 (0)\B, (0)) + (1 - fx) (c - 2 lu (- 

which implies that its is bounded in Ciqj,(5_i_(0) \ {0}). Let 

a = lim lim [ ——^ (ix = lim lim [ ——^ . .J dx. 

5^oe->o^^(o) (r + e-^/\ye\^y s^o e-,o J ^^^^^^^^^ {r + e-^y 

In view of Lemma 13. we see that there exists a function w^, such that — w^^ in 
ClM' \ m and 

^w* + ^ = (-tt - 47rmj^2)5o in M^, 
(—a — ATimj^2) > — 47r, 
u;* < c-21n|x|, e"'* G L1(M2). 

However, u;* cannot be a stable solution, which yields once more a contradiction and 
concludes the proof of (14.391) as claimed. 

Step 4- For any d G (0, —{rrij -i + Pj,2))^ there exists := re((i) G (0, ^) such that 



Now we claim that 



lim / friue)dx = And. (4.49) 

lim/ F2,r{ue)dx = 27Td{d + 2mj^2)- (4.50) 

By using (14.331) and (14.391) . we see that lim^.^o'^e = +oo and lims-^o^ers) = 0. Let us 
consider the function Ue(x) = Ue(rex) + 21nre which satisfies 

Au, + -^ r-^rr = -47rm,,25o on 5^(0). 

(r + e^V^e) 

We claim that for any 6 > 0, there exists Cs > such that 

\{i,{xi) - i(x2)| < Cs for any Xi,X2 G fii(O) \ 5^(0). (4.51) 

By using the Green's representation formula for a solution Ue of (II. 2p and Lemma 13. we 
see that for any Xi,X2 G -Bi(O) \ -85(0), 

S 

Ue{xi) - Ue{x2) = Us{ersXi) - Ue{ereX2) 

{G{ereXi, y) - G{ereX2, y)){-Aus{y))dy 



0(1)+ / (G{er,x„y)-G{er,X2,y))^^^^^dy 

0(1) + ^ [\n(p^)ll^^dy. 
27r^ \\er,xi-y\/ 
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By the mean value theorem, there exists 6 = 0{e,y) G (0, 1) such that 
I In \ersX2 — y\ — In ler^xi — y\ \ = 

< 



23 



\\ereX2 - 2/1 - 


\ereXi - y\\ 




6\ereX2 -y\ + [l 


- 6)\ereXi - 


y\ 


\er^{xi - 


-^2)1 




d\er^X2 - y| + (1 


- 9)\er^xi - 


y\ 



(4.52) 



For any y E Q \ -Bsete (0), we have {er^Xi — y\ > ^ for i = 1,2. Then by using Lemma 
Oand f l432|) . we see that 

\ereX2 -y\\fT{ue 



Jn\B,_^io) \\er,xi-y\J 



dy = 0{l). 



(4.53) 



\ersXi - y\ 

By using the fact that {er^Xi — y\ > for i = 1,2 for any y G Ber^{0) together with 
Lemma 13.11 and (14.521) , we also have 

\ersX2 - yhfriue) 



In 



\ereXi - y\ 



dy = 0{l). 



(4.54) 



Moreover, by using fl4.33p and fl4.39p . we see that 

\er,X2 - y\\fT{ue) 



In 



B2a^(0)\B^(0) 



In 



er^xi-y\/ e 
'reX2 - y' 



dy 



B2r^(0)\B^(0) 



< 2re|xi — X2I 

167r|a;i — X2 
^ ~5 



TeXi - y\ 
sup {\fr{Ue)\) 



fr{ue{y))dy 



B2r. (0)\i?^(0) 



Bi^io) \y\ 



-dy 



(4.55) 



sup {r^\fr{ue)\) 

B22v(0)\B^(0) 

~4 T~ 



< 



327r|xi — X2I 
67^ 



sup 

Bar. (0)\B^(0) 



(ry^) = 0(1). 



At this point, follows by using flI3^ . (KM^ . and fH3S]) . 

Now we fix I/O e \ {0}. Then, in view of (OUj) . ( OUj) and f H3T]) . we see that there 
exists a function /i such that hs = Ue — Ue{yo) h in C^^^iM."^ \ {0}) and 

Ah = -47r(mj- 2 + d)6o in Ml 

We also conclude that the function v{x) = h{x) + 2{mj^2 + d) In satisfies 

Av = in M^, (4.56) 

We consider the function ^^(x) = h^{x) + 2mj2ln \x\ which satisfies 



2 Ue{reX)('\ _ Ueire'x)] 



on 5^(0). 



Let Ve{x) = V£{rex). Then, we see that 



e"^ (1 - e"^ 



r + e 



on 5r(0). 



(4.57) 
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Multiplying (I4.57P by Vu^ ■ x and integrating over i?r^(0), we conclude that 



2F2,r{Ue)dx 



BrM 



dBr, (0) 



VVe ■ ^) {VVe ■ X) 

\x\J 



1 h F2^rius)\x\ - 2mj-2 — — 



(4.58) 



da. 



Hence fl4.39p and fl4.56p together imply 



lim 



lim 



Vv^ ■ — 1 [Vv^ ■ X) h r^F2^r{u^{r^x)) - 2mj- 2 — — — 



\x\ 



r {Vv ■ X - 2df 



dBi{0) 

ATTd{d + 2mj^2), 



2 ' " e ~ ' \ \ " t~ / / 'J 

2dx\'^\x\ 2mj^2iyv-x — 2d) 



\x\ 



da 



Vv- — ] ^ 

\x\ 



\x\ 



da 



(4.59) 



and we complete the proof of our claim fl4.50p . At this point, in view of f l4.33p . f l4.49p and 
fl4.59p . we see that 



4:7rd = lim lim 



fr{ue)dx = lim lim 



e 

-^dx 



= lim lim / F2 r{%)dx = 27r d{d + 2m j 2), 

which implies d + 2mj 2 = 2. Since d > can be chosen arbitrarily, we obtain a contra- 
diction which concludes the proof of mj^2 + /^j,2 = under the assumption fl4.32p . □ 



Remark 4.6. It turns out that Lemma 4-4 ^^'^ Lemma 4^ yield the following result. 
Suppose that m^ — 2 Ine is uniformly bounded in any compact subset ofQ\Z2 and m^ — 2 Ine 
converges to w in Cf^^{Q \ Z2) as s 0, then < mj 2 < 1 for 1 < j < d2, Ni > N2, and 
w satisfies 



Aw H — ^ = 47r ^ mjASpj,i - 4:1t ^ "^^,25^^,2 on Q. 
^ i=i i=i 



During the preparation of our paper, we was informed by professors Choe and Han that 
they have proved a similar result, see [S] . 



At this point, we are ready to prove one part of Theorem 11.11 

Proof for Theorem ll.lt stable solution =^ topological solution 

To prove our theorem, we consider the following cases. 

Case 1. If r = 1, then Lemma [4.41 and Lemma [4.51 together imply that for any r, 77 > 0, 



lim 



e^o (^sup^<|x-p,,2|<f Ue{x) j = lim^^o [ sup^<|x-p,.2i<r Ue[ex^ 
fTT'j,2 + Pj,2 = for all 1 < J < (i2- 



—00, 



(4.60) 
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By using (I4.60p and Lemma [4.21 we see that 

hm ( hm / fl{'U'£)dx] = hm ( hm / ^-^dx 

(4.61) 

fr{Ue)dx] = -47r(mj- 2 + /3j,2) = 0. 

Bz{pj,2)\Br,(pj,2) ' 



hm I hm 

r,?7— >0 V £— >-0 



If hm^^o supQ\Uj(Br(pj 2)) ~ smah r > 0, then in view of f l4.10p and 

fl4.60p . we see that 

d\ d2 

A^i = 47r ^ mj^i6p^ ^ - "^i,2^Pj, 2 on ^, 

j=i i=i 

thus A''i = which contradicts (HI). 

On the other hand, if ^ w in Cy^^{fl \ ^'2), then in view of f l4.2p and fl4.6ip . we see 
that 

hm/ie < 77^ hm / -^^^^^^dx 

e->0 rip e^O /o 



hm hm 



^2 



e'"-(-r + 2(r + l)e2e'"- - , 

dx 



n\u,(B.(p,,2)) (r + £2e-.)4 



-E/ fr(^^)d^\=-T^J y,dx<^ 



which imphes /i^ < for smaU e > 0. Then cannot be a stable solution of (11. 2p which 
is once more a contradiction. 

Case 2. If > ^1 then, in view of (H2), we have mj^2 £ [0, 1] for all 1 < j < ^2. Then 
by using Lemma 14.41 and Lemma 14.51 we obtain (I4.60p . By using the same arguments as 
in Case 1, we can prove that Us cannot be stable solution of (II. 2p . We skip the details of 
this part to avoid repetitions. 

Case 3. If N2 < Ni, then we define the following set 

Jo = {I \ 1 < I < d2, lim ( sup Ueix) ) = —00 }. 

If Jo = {1, ^2}, then the desired conclusion will follow by the same argument adopted 
in Case 1. 

Therefore we suppose that Jq ^ {1, c?2} and define Ji = {1, c?2} \ Jo 7^ 0- By using 
Lemma HiU we see that lim£_^o (y^^VQ.\yjj{Br(pj2))'^^ ~ small r > 0. Then 

by (I4.10p . we have 

N2 = Y1 ^J^^ + E "^^'2 < iVl = E(-/^^'2) + J2^-(3j,2). 

By using Lemma 14. 5^ we see that there exists Jq G Ji such that 

mj^,2 < -/3jo,2- 
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For the sake of simplicity, we assume that pjQ^2 = 0. In view of Lemma [4. 2[ we see that 
hmhm / fT-{us)dx = — 47r(m,Q 2 + Pjo 2) > 0. 

e 

Since jo ^ Ji, the same argument adopted in the proof of Lemma shows that there 
exists a function u such that % ^ u in Cjq^(M^ \ {0}) and 

Am + /,-(«) = —47rmjo_2^o on M^, 
hm|2.|__^ooM(x) = -00, 

fr{u)eL\R^), e Li(M2\5i(0)). 
Let 

P = ^ f fMdx. (4.62) 

Then we conclude that 

lim = -2m.. 2 - /? < -2. (4.63) 

|x|^ooln|x| 

Moreover, by using (14. ip and (14.631) . then the similar argument adopted in Step 1 in the 
proof of Lemma 14.51 shows that there exist v and i?o > such that 

u, < -V on 5r(0) \5h„(0). (4.64) 
Let u^{p) = ^ Jq^ Usdcr. Then satisfies 

p-r + 7r I fr{.Ue)dx = -2mjo,2- (4.65) 

Then (KW2\i . ( KE^ . ( CM]) and (SSS]) together imply that there exists a > such that 
for large p > 0, 

p^<-(2 + a). (4.66) 

We claim that there exists a constant C > such that 

\u,{x)-^,{\x\)\<C for xe5r(0)\5^„(0). (4.67) 

Indeed, since jo ^ Ji and in view of (14.211) . we see that {ue} is uniformly bounded in 
L^^{Bl{0) \ {0}). Then we have 

lim ( sup e""^^^|xp) < +00. 

Then, by using (I4.64p and the similar argument adopted in Step 3 in the proof of Lemma 
14.51 we conclude that 

limf sup e^^(^)|xp) < +00. (4.68) 



=-^0 ^x6i?r(0)\Bflo{0) 

Moreover, by using the Green's representation formula for a solution of (11.21) and by 
arguing as in the proof of (14.511) . we obtain (14.671) . In view of (I4.66P and (14.671) we can 
find a constant c > such that 



lim / fT-{us)dx < cR 

JBr{0)\Bii{0) 
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Now we see that 

271(3 = lim / fT-(u)dx = lim lim / fT-{uir)dx 

^^°°J\x\<R R^'^ ^-"^ J \x\<R 

= lim lim ( / fT-{%)dx — / f.r{u£)dx] 

R^OOe^O V Ju.|<r JBr(0)\Bii(0) ^ 

= -47r(mj,,2 + (3jo,2) > 0. 

Moreover, the method of moving planes to be used together with fl4.63p shows that u is 
radially symmetric (see [3l|10]). Now by using Theorem 3.4 in [6] and /3 > 0, we see that 
u cannot be stable solution. 

At this point, we complete the proof of one part of Theorem ll.lt stable solution =^ 
topological solution under the assumptions (Hl-2). □ 



5. Proof of Theorem ll.lt topological solution ^ strictly stable 

SOLUTION 

In this section, we prove the other implication in the statement of Theorem 11.11 that 
is, topological solution =^ strictly stable solution. We assume that is a sequence of 
topological solutions of fll.2l) with a sequence e > 0. Although we use arguments similar 
to those in [19], we still need to carry out a subtle analysis to control the solution's sign 
changes. 



Lemma 5.1. Let he a sequence of topological solutions of U.^) with e > 0. Then, as 
£ — )■ 0, we have 

(i) Ui; in C'^^{Q \ Z) for any m G Z'^ and faster than any power of e; 



— 4(r + l)7r J2i=i 2 XljLi ^\i^Pj,i! weakly in the sense of measures in il. 



Proof. Let Qs = {x & \ dist(x, Z) > 6 }. In view of Theorem 11.51 we have Us ^ 
uniformly on any compact subset of 1] \ Z as 5 — 0. Then we see that for any small 
6>0, 

2n^e"-(e"- - 1) ^ (5.1) 



2Wu,r + > on n. 



■5, 



since t(e* — 1) > for any t G M. Moreover, we see that 

9V 2 2|VMjV-('-e2"- +2('r + l)e"- 



A(|V«,P)= 5^2| 



sHr + e 



2 VmJV-' r + 1 + 1 

> ^^r-^ r- — — > on ^5 as £ ^ 0. 

e2r + g«,4 



(5.2) 



We have the following inequality, 

< |1 - e*| for any t G M. (5.3) 









1 + 


\t\ 
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By using (13.21) . (15. ip . (15. 3p . and the mean value theorem, we see that there exists a 
constant c > such that 



SUp{\Ue\^) < / \Ue\'^dx 

^2S l"<5| J^s 



< 



< 



< 



(1 + ||Me||L°°(n,))^ 

(1 + ||M.||L-(n,))' (r + e"^^4 





Ue 


to 


(1 + 1 





dx 



(5.4) 



-dx 



for small e > 0. In view of (13. 2p . (15. 2p . and the mean value theorem, we can find a 
constant C > such that 



Hza I "5 1 J Us 



< 



< 



\ns\ 
c 



[T + e 



L°°ins) Jn (r + e'^-y 



[T + e 



dx 



(5.5) 



for small e > 0. Let G C°°(n) be such that = in {x e | dist(x, Z) < 6 }, (p = 1 
in Q2S and < < 1. Since — )■ uniformly on any compact subset of \ Z as £ — ?■ 0, 
we note that there exists some constant Cs > 0, independent of e > 0, such that 



1 -e"^ 



T + e" 



< Cs\ue\ on Qs- 



(5.6) 



Next, by using (15. 4p . (15. 5 p and (15. 6p . we conclude that 
1 f e"^(l-e"^^2 



^ 1 /■ e"^(e"^ - 1) Ke'^^ - 1)0 



(e"^' - 1)0 



fix 



Am, 



A 



r + 

r + e"-' 



n^A 



(e"- - 1)0 



(r + e"-) 

2(r + l)e"=Vne ■ V0 (e"= - 1)A0 



r + e 



uA2 



(t + e^ 



dx 



(5.7) 



(r + l)e"-|VM£ 



r + e' 



(r + l)e''^UeVue ■ V0 ^ (e"^ - l)MeA0 



r + e 



r + e"- 



da; 



< 



r + l)e"^MeVM£ ■ V0 ^ (e"^ - 1)m, 



(r + e"0^ 
-(r + l)e"^M; 



(r + l)e"^ (e"- - r)n2Vn^ ■ V0 (e"^ - l)u£A0 



2(r + e"-)2 



2(r + 



r + e"=' 
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for some constants c^, Cs > 0- By a suitable iteration of (15.41) . (15. 7p . and the elliptic 
estimates, we deduce that (i) holds. In other words, for any small 6 > and any m, n G 
Z"*", there exists a constant c^mn > such that 



rn 

sup ^ \D'^Ue\^ < Cs,m,n£''- 



\a\=0 



Moreover, we see that Vs{x) = ^^(x) + (— l)*2mj,(ln \x — Pj,i\ satisfies 



Av. 



e ' 9 



on Br {pj^; 



{5.i 



(5.9) 



For the sake of simplicity, we assume that pj^i = 0. Multiplying (15. 9p by Vn^ ■ x and 
integrating over Br{0), we obtain the Pohozaev type identity 



/ \hv,--^)(yve-x) 

JdBr{0) '-^ FK 



p 1 

-|x| + —F,r{Ue)\x\ 



da 



+ 



-dx. 



where Fi ^(u) 



thus 



Brio) ^ 

-(l-e")2 
2(T+l)(T+e")2 • 



By using (15. 8p . we have 



lim 



lim 

e->0 



;F^^(u^\x\da = 0, 



dBr{0) 



Brio) £ 



lim 



2 

Ue\2 



;i -e"-) 



Brio) 



e^[T + e 



.^dx = 4(r + l)7rm^j. 



for any small r > which concludes the proof of our lemma. 
For a solution of (II. 2p . let 

/n |V0P - ^.fMeWdx 



inf 



ii0r 



</.GM/i.2{n)\{0} IIV^IlL2(n) 

and be the corresponding first eigenfunction with > in and 



^eWL^i^) 



and 



□ 

(5.10) 
1, 

(5.11) 
(5.12) 



We note that e^/i^ is bounded from below: 



Jn tm 



To prove Theorem II. 1[ we argue by contradiction and suppose that, along a subsequence 
(still denoted in the same way), we have a sequence of topological solutions of (II. 2p 
with a sequence e > such that 

lime^/ie = /io < 0. (5.13) 

e-5>0 
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In view of (i) of Lemma [5.11 and fl5.13p . we have the following lemma. 

Lemma 5.2. There exists Pjo^i^ G Z and tq > such that for any r G (0,ro), there exists 
a constant > such that 

lim / (f)ldx > Or. 



e-i>0 



e 



Proof. Suppose that there exists a small r > such that 



lim / (pidx = 0. (5.14) 



Then 

lim 



[ fAueWedx < sup lim [ <Pldx = 0. 



By using (i) of Lemma 15. 1[ we see that 

fr{Ue)4>ldx 



fl\UjABr{pj,i) 



(5.15) 



0(1) \ (bzdx as e 0. 



Next, by using (I5.13p . fl5.14p and f l5.15p . we see that 

0>limeV£ = lim / e^jV^^P - /;(uJ0^(ix 

- / -friUsH'^dx = 

^^oJn (r + 1)-^ 

This is the desired contradiction which concludes the proof of our lemma. □ 

Since friu) = — 1(— u)/r'^, we can assume without loss of generality that iq = 2, 
Pjo,io — 0' u = Tnj^.i^^ in Lemma 13721 We consider the scaled function 

uM = Ue{ey)mBr_^{Q). (5.16) 

Then satisfies 

g"e fl — e"^) 
+ — ^ —J- = -AiruSo in BmiO). 

(r + e"-')^ = 

Now we have the following lemma. 

Lemma 5.3. limj^o(sup^^j (q) l^e ~ ^1) ~ 0' where u is a topological solution of 

Aw + = -4vrz/5o m 

suPr2\b,(o) < +00, (5.17) 

e"(l-e") (l-e")2 ;-l^Tn,2 
(r+e")3 ' (T+e")2 ^ 



Proof. We decompose 



Then i)^ satisfies 



ne(?/) = -2i^ln|y| +{;,(2/). (5.18) 
+ .,J! ' ^ = in Bn,iO). (5.19) 
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By using Lemma [STTj lim2;_^p^ ^ u^i^x) = +00 and the maximum principle, we conclude that 
there exists c > such that for small 5 > 0, 

inf Ue > -c. (5.20) 

In view of (15.1 8p and (15.201) . we have 

> —c + 2z/lni? for any R> 0. 

dBu(0) 

By using the Green's representation formula for a solution Us of (II. 2p (see (I3.12p and 
(I4.19P ). we see that there exists cq > such that 

\^v,{x)\ < Co on 5n.(0). (5.21) 

We claim that is uniformly bounded in the C^'" topology. To prove our claim, we ar- 
gue by contradiction and suppose that there exists Rq > such that limj_^o ^^Pbr^{o) ^e) - 

+00. Then (I5.2ip implies that lim£_j.o (^mfBji(o)V^^ = +00 for any R > Rq. Clearly 
Lemma [5.11 shows that, for any R > Rq, 



4(r + 1)ttu' > lim / j ' , ' dx = ttR\ (5.22) 

"-^o^^(o) (r+|a;|-2-e-^)2 

Since the right hand side of (15.221) could be arbitrarily large, we obtain a contradiction 
which proves our claim. 

Then we obtain a subsequence (still denoted in the same way) such that 

Ve^v uniformly in ^^^.(M^). (5.23) 
Let us define u{y) = — 2z/ln|y| + v{y). In view of (15.2 ip . Lemma 13.1 1 and Lemma \5.1\ 
we see that u satisfies (15.170 . Since sup]jj2\5j(o) l^^l < +^ (r+e")^ ^ -Z^^(K^), we see 
that M is a topological solution in M^. Moreover, by using a Pohozaev type identity (see 
Lemma 15. ip , we have 

u\2 



[1 - e") 



^dx = 4(r + l)7ru\ (5.24) 



(^ + e\ 

Now we claim that a stronger convergence property holds, namely 



lim( sup — u\) = 0. 



Bni(O) 



In view of (15. 23 p . we have 



We also see that 



lim ( sup \u£ — u\) =0. (5.25) 



■Bi(0) 



_gnN2 /• (e^e_i\2 (e«_i)2 2(1 - e"0(l - e") , 

dx = ^— r + ^-77 ; ^— r dx. 



£ £ 

At this point Lemma [5.11 (I5.24p . and the dominated convergence theorem together imply 
that 



lim / ^dx = 0. (5.26) 

e 

By using flHTTp . (KWh . (KT^i . ([5251), and (^^, we obtain the desired conclusion. □ 
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At this point, we are ready to prove Theorem 11.11 

Proof for Theorem ll.lt topological solution =^ strictly stable solution 

In view of the strong convergence property as stated in Lemma 15.31 we can deduce 
information about the limiting problem of the linearized equation of (11.21) at u^. With 
this purpose, we define 

^Pe{y) = e(Pe{ey) on Br_^{0). (5.27) 

Then we have 

-A4 - fr{Ue)i^e = OU 5ro (0), 

. s ^ (5.28) 

> in 5ia(0), ^ ^ 

and II V'?/'e||£,2(5^(o)) + ||'?/'e||L2(BrQ^(o)) ^ C for some constant C > 0. By using standard 

£ £ 

elliptic estimates, we see that 4 is uniformly bounded in the Cj^'" topology. Hence, by 
passing to a subsequence (still denoted in the same way), we see that there exists ip > 
such that 

and 

Since u has exponential decay at infinity, then f!^{u) + (Tq^jys has exponentially decay 
at infinity. Hence by Lemma 15. 3[ we see that 



lim 



JBr^io)^ (r + l)V JBnio)^ (r + l)3y 



■SoR\ 



for some 6o > 0. Hence by using (I5.27p . (I5.28p . and Lemma \572\ we can prove that for 
large R> 0, 



Jb„{q) ^ + 1)^ 



> lim ( - eV. + r^T^) / 'f'edx + 0(e-^°^) 

> (|/io| + ^:^^)an.+0(e"^'^^)>0. 



which implies ip & W^'^iM."^) (see Lemma 4.15 in [12] for further details). On the other 
side, by arguing as in Proposition 4.16 in [T2j, we see that the problem (I5.29P admits only 
the trivial solution and we obtain a contradiction. This observation concludes the proof 
of Theorem 11.11 topological solution =^ strictly stable solution. □ 



6. Uniqueness of stable solution 
In this section, we deduce Theorem 11.31 from Theorem 11.11 

Proof of Theorem 11.31 The existence of stable solution can be proved by well known 
monotone iteration schemes and therefore we will skip it here. Hence, to prove Theorem 
11.31 it suffices to prove the uniqueness property. We argue by contradiction and suppose 
that there exist two sequences of distinct stable solutions u^.i and of (11.21) . From 
Theorem II. H up to the extraction of subsequences, we have u^a — uniformly in any 
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compact subset of \ Z as e — t- for i = 1, 2. Since u^^i — Me,2 is not identically zero, we 
can define (j)^ = n.. "^'^~"m'^ — which satisfies 

A0, + \fUVe)<Pe = on 



where r/e is some real number between i and Me^2- By using the proof of Lemma [5.21 
we see that there exist Pjo,io G Z and tq > such that for any r G (0,ro), there exists a 
constant a,. > such that 

lim / (\?^dx > ttr- 

Since /r(tt) = —fr~^{—u)/T^, we can assume without loss of generality that zq = 2, 
Pjo,io — 0' ^^"^ ^ = ^jo,io- consider the scaled function 

UsAy) = UeA^y) in %(0) = {y e | |y| < 
In view of Lemma 15.3^ we obtain 

'>J'e,i Ui uniformly in Ciq^(]R^) for i = 1,2, 
where Ui is a topological solution of 

+ / , uJ = -4^^^o in R'. 

Moreover, we can apply the method of moving planes (see pHl to conclude that Ui is 
radially symmetric about the origin. Since radially symmetric and topological solutions 
are unique (see [6]), we conclude that ui = U2 in M^. Let us set u = ui. We can find ip 
such that 

e^siey) -> i^{y) in C^^, 

and 

-Aij - fAu)i^ = in 



^ G iyi'2(M2). 

By arguing as in the proof of Theorem 11.11 (see Section 5), we see that tp ^ 0. Then, 

12*= inf Jlil^^ <0. 6.1 

Then Lemma [5.31 shows that the infimum of (16. ip is attained at some ipo G Ty^'^(M^) \ {0} 
satisfying 

-AV-o - /:(m)^o = /i*(l - e")^o, V-o > in Ml 

At this point Theorem 3.4 in [6] shows that /i* < 0. However, by arguing as in Proposition 
4.16 in [19], we can show that ipQ = which is the desired contradiction. Therefore there 
exists a unique stable solution of (II. 2p for sufficiently small e > 0. D 
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7. Appendix 

In this section, we discuss nontopological solutions of the following equation: 

An + fr{u) = AiiuSo in M^, 

/.(n)GLHM2), (7.1) 
\im\^\^oou{x) = -oo. 

As we mentioned in Section 4, we need to analyze a solution of fll.2p . such that 
— 2 In e has a bubble at some point in Q\ Z2 and (after a suitable scaling) tends 
to a nontopological solution u of ( 17. ip . It is not difficult to check that it is enough to 
our purposes to consider the case 1/ > 0. Concerning this problem, we have the following 
proposition. 

Proposition 7.1. Let u be a solution of jl.l^ and v >Q. Then u is unstable. 

Proof. By using the maximum principle, we always have u < 0. Moreover, if u is radially 
symmetric, then Theorem 3.4 in pj shows that u is unstable. In particular, if z/ = 0, then 
Lemma 12.11 shows that m is a radially symmetric function. Thus, we only need to prove 
the instability of u in the case where z/ > and u is not radially symmetric. Let us set 

d d d 



dd dxi dx2 

Then we see that 

/\{deu) + f^{u){deu) = in R?. 

Let /5 = 2^ J^2 fT{u)dx. Since m < 0, we see that e" G L^(R^) and lim|2,|^oo = 
— /3 + 2u < —2. Moreover, by using the results in [3], we obtain the sharper estimate 
u{x) = {—(3 + 2i^) In + C + 0(|x|~'^), uei^x) = 0{\x\~^) as |a;| — )■ +00 where C is a 
constant and 7 is a positive constant. We also note that there exist a local maximum 
point and a local minimum point of u on each sphere of radius r since u is not radially 
symmetric. Thus dgu changes signs, which implies at least that the first eigenvalue of the 
linearized equation of (11. 2p at u is negative. Therefore we see that u is unstable which 
was the desired conclusion. □ 
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